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17 Almost conformally flat hypersurfaces
Christos-Raent Onti and Theodoros Vlachos
Abstract
We prove a universal lower bound for the Ln/2-norm of the Weyl tensor in terms
of the Betti numbers for compact n-dimensional Riemannian manifolds that are
conformally immersed as hypersurfaces in the Euclidean space. As a consequence,
we determine the homology of almost conformally flat hypersurfaces. Furthermore,
we provide a necessary condition for a compact Riemannian manifold to admit an
isometric minimal immersion as a hypersurface in the round sphere and extend a
result due to Shiohama and Xu [18] for compact hypersurfaces in any space form.
1 Introduction
The investigation of curvature and topology of Riemannian manifolds or submanifolds
is one of the basic problems in global differential geometry. The sphere theorem is an
important result in this direction, in the framework of Riemannian geometry.
In the realm of conformal geometry, the fundamental tensor is the Weyl tensor and
his role is similar to the one of the curvature tensor in Riemannian geometry. Several
authors have worked on the question how certain conditions on the Weyl tensor affect
the geometry and the topology of Riemannian manifolds (cf. [3, 8]). Schouten’s theorem
asserts that the vanishing of the Weyl tensor of a Riemannian n-manifoldMn is equivalent
to the fact that Mn is conformally flat, i.e., locally is conformally diffeomorphic to an
open subset of the Euclidean space Rn, with the canonical metric, if n ≥ 4. The Ln/2-
norm of the Weyl tensor, which is a conformal invariant, measures how far a compact
Riemannian manifold deviates from being conformally flat. There are plenty of papers
that investigate the effect of restrictions on the Ln/2-norm of the Weyl tensor to both
geometric and topological properties (cf. [1, 9, 10, 13, 17, 21]).
Cartan [2] initiated the investigation of conformally flat manifolds from the subman-
ifold point of view. Moore [15] and later do Carmo, Dajczer and Mercuri [7] studied
conformally flat submanifolds of the Euclidean space (see also [6,16]). In particular, in [7]
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the authors studied the case of hypersurfaces in Rn+1 and they proved that diffeomorphi-
cally every such hypersurface Mn is a sphere Sn with β1(M
n;Z) handles attached, where
β1(M
n;Z) is the first Betti number of Mn. Moreover, they showed that geometrically
every such hypersurface locally consists of nonumbilic submanifolds of Rn+1 that are fo-
liated by complete round (n− 1)-spheres and are joined through their boundaries to the
following three types of umbilic submanifolds of Rn+1: (i) an open piece of an n-sphere
or an n-plane bounded by round (n− 1)-sphere, (ii) a round (n− 1)-sphere, (iii) a point.
It is therefore natural to address the following
Question. Let (Mn, g) be a compact n-dimensional Riemannian manifold that admits a
conformal immersion in Rn+1. What can be said about the topology of Mn if (Mn, g) is
almost conformally flat, in the sense that the Ln/2-norm of the Weyl tensor is sufficiently
small?
The aim of the paper is to provide an answer to the above question. In particular, we
give a universal lower bound for the Ln/2-norm of the Weyl tensor in terms of the Betti
numbers for compact n-dimensional Riemannian manifolds that are conformally immersed
in Rn+1. As a consequence, we are able to determine the homology of compact almost
conformally flat hypersurfaces. Throughout the paper, all manifolds under consideration
are assumed to be without boundary, connected and oriented. Our main result is stated
as follows.
Theorem 1. Given n ≥ 4, there exists a positive constant c(n), depending only on
n, such that if (Mn, g) is a compact n-dimensional Riemannian manifold that admits a
conformal immersion in Rn+1, then the Weyl tensor associated to g satisfies∫
Mn
‖Wg‖n/2 dMg ≥ c(n)
n−2∑
i=2
βi(M
n;F), (1)
where βi(M
n;F) is the i-th Betti number of Mn over an arbitrary coefficient field F. In
particular, if ∫
Mn
‖Wg‖n/2 dMg < c(n) (2)
then Mn has the homotopy type of a CW-complex with no cells of dimension i for 2 ≤
i ≤ n − 2 and the fundamental group π1(Mn) is a free group on β1(Mn;Z) generators.
Moreover, if π1(M
n) is finite then Mn is homeomorphic to the sphere Sn.
Thus, in the case where (2) is satisfied, the homology groups of Mn must satisfy the
condition Hi(M
n;F) = 0 for all 2 ≤ i ≤ n− 2, where F is any coefficient field.
The assumption on the codimension in Theorem 1 is essential, as the following exam-
ple shows. We consider the manifold Mn = S1(1)×S1(1)×Sn−2(r), n ≥ 4, equipped with
the product metric g, where Sn−2(r) is the (n − 2)-dimensional round sphere of radius
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r. Since Mn is isometrically immersed into the sphere Sn+2(
√
2 + r2) in the obvious way,
it follows that Mn admits a conformal immersion into Rn+2. A long but straightforward
computation yields that ∫
Mn
‖Wg‖n/2 dMg = a(n)
r2
,
where a(n) is a positive constant depending only on n. Since the second Betti number of
Mn is non-zero, over an arbitrary coefficient field F, it follows that Mn does not satisfy
inequality (1) for r large enough.
Remark 2. In Theorem 1, the ambient space Rn+1 can be replaced by the round sphere
S
n+1 or the hyperbolic space Hn+1. Indeed, this follows from the fact that Sn+1r {point}
and Hn+1 are conformally equivalent to the Euclidean space and that the Ln/2-norm of
the Weyl tensor is conformally invariant.
Chern and Simons provided in [5, Theorem 6.4, p. 65] a necessary condition for a
compact 3-dimensional Riemannian manifold to admit a conformal immersion into R4.
Theorem 1 allows us to give another such condition.
Corollary 3. Let (Mn, g), n ≥ 4, be a compact n-dimensional Riemannian manifold. A
necessary condition that Mn admit a conformal immersion in Rn+1 is inequality (1).
There is an abundance of Riemannian manifolds that do not satisfy inequality (1),
and therefore do not admit a conformal immersion as hypersurfaces in Rn+1. For instance,
let Mn = Nm × Sn−m(r), 2 ≤ m ≤ n − 2, equipped with the product metric g, where
Nm is a compact flat m-dimensional Riemannian manifold. A long but straightforward
computation yields that ∫
Mn
‖Wg‖n/2 dMg = a(n,m)
rm
Vol(Nm),
where a(n,m) is a positive constant depending only on n and m. Since, the (n −m)-th
Betti number of Mn is non-zero, over an arbitrary coefficient field F, we obtain that Mn
does not satisfy (1) for r large enough.
Using Theorem 1, we are able to prove the following result for compact minimal
hypersurfaces in spheres.
Theorem 4. Given n ≥ 4, there exists a positive constant c1(n), depending only on
n, such that if (Mn, g) is a compact n-dimensional Riemannian manifold that admits an
isometric minimal immersion into the unit (n+ 1)-dimensional sphere Sn+1, then∫
Mn
‖Ricg − (n− 1)g‖n/2 dMg ≥ c1(n)
n−2∑
i=2
βi(M
n;F),
3
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where Ricg is the Ricci tensor of (M
n, g). In particular, if∫
Mn
‖Ricg − (n− 1)g‖n/2 dMg < c1(n),
then Mn has the homotopy type of a CW-complex with no cells of dimension i for 2 ≤
i ≤ n − 2 and the fundamental group π1(Mn) is a free group on β1(Mn;Z) elements.
Moreover, if π1(M
n) is finite then Mn is homeomorphic to the sphere Sn.
As an immediate application of Theorem 4, we obtain an obstruction for a Rieman-
nian metric to be realized on a compact minimal hypersurface of the sphere.
Corollary 5. A compact n-dimensional Riemannian manifold (Mn, g), n ≥ 4, that
satisfies ∫
Mn
‖Ricg − (n− 1)g‖n/2 dMg < c1(n)
n−2∑
i=2
βi(M
n;F),
cannot admit an isometric minimal immersion into the unit sphere Sn+1.
Shiohama and Xu [18] gave a lower bound in terms of the Betti numbers for the Ln/2-
norm of the (0, 4)-tensor Rg−
(
scalg/n(n−1)
)
R1 of compact hypersurfaces in R
n+1. Here,
Rg and scalg denote the (0, 4)-curvature tensor and the scalar curvature of the induced
metric g respectively and R1 = (1/2)g 7 g, where 7 stands for the Kulkarni-Nomizu
product. The Ln/2-norm of this tensor measures how far the Riemannian manifold deviates
from being a space form. Their proof strongly uses the fact that the ambient space is
the Euclidean one. Using Theorem 1, we extend their result for compact hypersurfaces
in spheres or in the hyperbolic space.
Theorem 6. If a compact n-dimensional Riemannian manifold (Mn, g), n ≥ 4, admits
an isometric immersion into the sphere Sn+1 or the hyperbolic space Hn+1, then∫
Mn
∥∥∥Rg − scalg
n(n− 1)R1
∥∥∥n/2 dMg ≥ c(n) n−2∑
i=2
βi(M
n;F),
where c(n) is the constant that appears in Theorem 1. In particular, if∫
Mn
∥∥∥Rg − scalg
n(n− 1)R1
∥∥∥n/2 dMg < c(n),
then Mn has the homotopy type of a CW-complex with no cells of dimension i for 2 ≤
i ≤ n − 2 and the fundamental group π1(Mn) is a free group on β1(Mn;Z) elements.
Moreover, if π1(M
n) is finite then Mn is homeomorphic to the sphere Sn.
We notice that related results have been obtained in [19, 20, 22].
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2 Algebraic auxiliary results
This section is devoted to some algebraic results that are crucial for the proofs. Let V
be a finite dimensional real vector space equipped with a positive definite inner product
〈·, ·〉. We denote by Hom(V × V,R) the space of all bilinear forms and by Sym(V × V,R)
its subspace that consists of all symmetric bilinear forms.
The Kulkarni-Nomizu product of two bilinear forms φ, ψ ∈ Hom(V × V,R) is the
(0, 4)-tensor φ7 ψ : V × V × V × V → R defined by
φ7 ψ(x1, x2, x3, x4) = φ(x1, x3)ψ(x2, x4) + φ(x2, x4)ψ(x1, x3)
−φ(x1, x4)ψ(x2, x3)− φ(x2, x3)ψ(x1, x4).
Let W be a finite dimensional real vector space equipped with a nondegenerate inner
product 〈·, ·〉W . Using the inner product ofW , we extend the Kulkarni-Nomizu product to
W -valued bilinear forms β, γ ∈ Hom(V ×V,W ), as the (0, 4)-tensor β7γ : V ×V ×V ×V →
R defined by
β 7 γ(x1, x2, x3, x4) = 〈β(x1, x3), γ(x2, x4)〉W − 〈β(x1, x4), γ(x2, x3)〉W
+〈β(x2, x4), γ(x1, x3)〉W − 〈β(x2, x3), γ(x1, x4)〉W .
A bilinear form β ∈ Hom(V × V,W ) is called flat with respect to the inner product
〈·, ·〉W of W if
〈β(x1, x3), β(x2, x4)〉W − 〈β(x1, x4), β(x2, x3)〉W = 0
for all x1, x2, x3, x4 ∈ V , or equivalently if β 7 β = 0.
Associated to each bilinear form β is the nullity space N (β) defined by
N (β) = {x ∈ V : β(x, y) = 0 for all y ∈ V } .
We need the following result on flat bilinear forms, which is due to Moore (cf. [15,
Proposition 2, p. 93]).
Lemma 7. Let β ∈ Sym(V × V,W ) be a flat bilinear form with respect to a Lorentzian
inner product of W . If dimV > dimW and β(x, x) 6= 0 for all non-zero x ∈ V , then
there is a non-zero isotropic vector e ∈ W and a bilinear form φ ∈ Sym(V × V,R) such
that dimN (β − eφ) ≥ dim V − dimW + 2.
We define the map W : Sym(V × V,R)→ Hom(V × V × V × V,R) by
W(β) = R(β)− L(β)7 〈·, ·〉,
where
R(β) =
1
2
β 7 β, L(β) =
1
n− 2
(
Ric(β)− scal(β)
2(n− 1)〈·, ·〉
)
,
5
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Ric(β)(x, y) = trace R(β)(·, x, ·, y), x, y ∈ V and scal(β) = trace Ric(β).
To each β ∈ Sym(V × V,R) we assign a self-adjoint endomorphism β♯ of V defined
by
〈β♯(x), y〉 = β(x, y), x, y ∈ V.
Lemma 8. Let dimV = n ≥ 4 and β ∈ Sym(V × V,R). Then W(β) = 0 if and only if
β♯ has an eigenvalue of multiplicity at least n− 1.
Proof: Let β ∈ Sym(V × V,R) be a symmetric bilinear form such that W(β) = 0. We
endow R3 with the Lorentzian inner product 〈〈·, ·〉〉 given by
〈〈(x1, x2, x3), (y1, y2, y3)〉〉 = x1y1 + x2y3 + x3y2,
and define the symmetric bilinear form β˜ : V × V → R3 by
β˜(x, y) =
(
β(x, y), 〈x, y〉,−L(β)(x, y)).
Since W(β) = 0 it follows that β˜ is flat with respect to 〈〈·, ·〉〉. From Lemma 7, we know
that there exists a non-zero isotropic vector e = (t1, t2, t3) ∈ R3 and a symmetric bilinear
form φ : V × V → R such that dimN (β˜ − φe) ≥ n− 1. By setting V1 = N (β˜ − eφ), we
have that
β˜(x, y) = φ(x, y)e,
or equivalently
β(x, y) = φ(x, y)t1, 〈x, y〉 = φ(x, y)t2 and L(β)(x, y) = −φ(x, y)t3
for all x ∈ V1 and y ∈ V. Therefore,
β(x, y) = 〈x, y〉λ
for all x ∈ V1 and y ∈ V, where λ = t1/t2. Hence, λ is an eigenvalue of β♯ with multiplicity
at least n− 1.
Conversely, assume that
β♯ei = λei, 1 ≤ i ≤ n− 1 and β♯en = µen,
where e1, ..., en is an orthonormal basis of V . A long but straightforward computation
then yields W(β) = 0.
The following proposition is crucial for the proof of Theorem 1.
Proposition 9. Given n ≥ 4, there exists a positive constant ε(n), depending only on n,
such that the following inequality holds
‖W(β)‖2 ≥ ε(n)| detβ♯|4/n
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for all β ∈ Sym(V ×V,R)r(E+∪E−), where V is an n-dimensional vector space equipped
with a positive definite inner product,
E± = {β ∈ Sym(V × V,R) : E±(β) ≥ n− 1} ,
and E+(β) (respectively, E−(β)) is the number of positive (respectively, negative) eigenval-
ues of β♯, each one counted with its multiplicity.
Proof: Let β ∈ Sym(V × V,R) and let e1, . . . , en be an orthonormal basis of V that
diagonalizes β♯ with corresponding eigenvalues λ1, . . . , λn. By an easy computation we
obtain
‖W(β)‖2 = 4
∑
i<j
(
λiλj − 1
n− 2
(
(λi + λj)
n∑
k=1
λk − (λ2i + λ2j)−
∑
k 6=l λkλl
n− 1
))2
.
We consider the functions φ, ψ : Rn → R defined by
φ(x) = 4
∑
i<j
(
xixj − 1
n− 2
(
σ1(x)(xi + xj)− (x2i + x2j )−
2σ2(x)
n− 1
))2
and ψ(x) =
n∏
i=1
xi,
where
σ1(x) =
n∑
i=1
xi, σ2(x) =
∑
i<j
xixj and x = (x1, . . . , xn).
In order to prove the desired inequality, it is sufficient to show that there exists a positive
constant ε(n), depending only on n, such that
φ(x) ≥ ε(n)ψ(x) for all x ∈ Un,
where Un = R
nr (Kn+∪Kn−) and Kn+ (respectively, Kn−) is the subset of points in Rn with
at least n− 1 positive (respectively, negative) coordinates.
At first we are going to prove that φ attains a positive minimum on the level set
Σn = {x ∈ Un : ψ(x) = ε} ,
where ε = ±1. Since φ(Σn) is bounded from below, there exists a sequence {zm} in Σn
such that limm→∞ φ(zm) = inf φ(Σn) ≥ 0. We write zm = ρmam, where ρm = ‖zm‖ and
am lies in the unit (n− 1)-dimensional sphere Sn−1 ⊂ Rn.
We claim that {zm} is bounded. Suppose, to the contrary, that there exists a
subsequence of {zm}, which by abuse of notation is again denoted by {zm}, such that
limm→∞ ρm =∞. Since am ∈ Sn−1 we may assume, by taking a subsequence if necessary,
that limm→∞ am = a ∈ Sn−1.
7
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From the homogeneity of φ and ψ we obtain
φ(am) =
φ(zm)
ρ4m
and ρm =
1
|ψ(am)|1/n .
Hence, limm→∞ φ(am) = 0 and thus φ(a) = 0. Lemma 8 implies that at least n − 1
coordinates of a are equal. On the other hand, am ∈ Un and since Un is closed we have
a ∈ Un. Therefore, n − 1 coordinates of a vanish. After an eventual reenumeration, we
may suppose that a = (ε, 0, . . . , 0). We set
am = (am,1, . . . , am,n) and ηm =
( n∑
i=2
a2m,i
)1/2
.
Since ψ(am) 6= 0, we may write
(am,2, . . . , am,n) = ηmθm,
where
θm = (θm,2, . . . , θm,n)
lies in the unit (n− 2)-dimensional sphere Sn−2 ⊂ Rn−1. Then from φ(zm) = ρ4mφ(am) we
have that
φ(zm) ≥ 4ρ4m
∑
2≤i<j
(
am,iam,j − 1
n− 2
(
σ1(am)(am,i + am,j)− (a2m,i + a2m,j)−
2σ2(am)
n− 1
))2
.
We observe that
σ1(am) = am,1 + ηm
n∑
i=2
θm,i and σ2(am) = ηmσ˜2(θm),
where
σ˜2(θm) = am,1
n∑
j=2
θm,j + ηm
∑
2≤i<j
θm,iθm,j .
Therefore, we have
φ(zm) ≥ 4ρ4mη2mδm, (3)
where
δm =
∑
2≤i<j
(
ηmθm,iθm,j − 1
n− 2
(
σ1(am)(θm,i + θm,j)− ηm(θ2m,i + θ2m,j)−
2σ˜2(θm)
n− 1
))2
.
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Moreover, we obtain
ρ4mη
2
m =
η2m
|ψ(am)|4/n
=
η2m
|am,1|4/n
∣∣∏n
i=2 am,i
∣∣4/n
=
1
|am,1|4/n η
2(n−2)
n
m
∣∣∏n
i=2 θm,i
∣∣4/n .
By passing if necessary to a subsequence, we may assume that
lim
m→∞
θm = (θ¯2, . . . , θ¯n) ∈ Sn−2.
Clearly the above yields
lim
m→∞
ρ4mη
2
m =∞.
Using
lim
m→∞
σ1(am) = ε and lim
m→∞
σ˜2(θm) = ε
n∑
k=2
θ¯k,
we find that
lim
m→∞
δm =
1
(n− 2)2
∑
2≤i<j
(
θ¯i + θ¯j − 2
∑n
k=2 θ¯k
n− 1
)2
.
We claim that limm→∞ δm 6= 0. Arguing indirectly, assume that limm→∞ δm = 0.
This implies that θ¯2 = · · · = θ¯n 6= 0, which contradicts for large m the fact that am ∈ Un.
Thus, by taking limits in (3) we reach a contradiction and this proves the claim that the
sequence {zm} is bounded.
By passing if necessary to a subsequence, we have
lim
m→∞
zm = z ∈ Σn.
Since Σn doesn’t contain any zeros of φ it follows that
minφ(Σn) = lim
m→∞
φ(zm) = φ(z) > 0.
Hence the function φ attains a positive minimum ε(n) = φ(z) on Σn, which obviously
depends only on n.
Now, let x ∈ Un. Assume that ψ(x) 6= 0 and set x˜ = x/|ψ(x)|1/n. Clearly x˜ ∈ Σn
and consequently φ(x˜) ≥ ε(n). Since φ is homogeneous of degree 4, the desired inequality
is obviously fulfilled. In the case where ψ(x) = 0, the inequality is trivial.
Remark 10. The constant ε(n) that appears in Proposition 9 is not computed explicitly
here, although one can apply the Lagrange multiplier method to compute it.
9
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3 The proofs
At first we recall some well known facts on the total curvature and how Morse theory
provides restrictions on the Betti numbers. Let f : (Mn, g) → Rn+k be an isometric
immersion of a compact, connected and oriented n-dimensional Riemannian manifold
into the (n+k)-dimensional Euclidean space Rn+k equipped with the usual inner product
〈·, ·〉. The normal bundle of f is given by
NfM =
{
(p, ξ) ∈ f ∗(TRn+k) : ξ ⊥ dfp(TpM)
}
and the corresponding unit normal bundle is defined by
UNf = {(p, ξ) ∈ NfM : ‖ξ‖ = 1} ,
where f ∗(TRn+k) is the induced bundle of f over M .
The generalized Gauss map ν : UNf → Sn+k−1 is defined by ν(p, ξ) = ξ, where Sn+k−1
is the unit (n + k − 1)-dimensional sphere of Rn+k. For each u ∈ Sn+k−1, we consider
the height function hu : M
n → R defined by hu(p) = 〈f(p), u〉, p ∈ Mn. Since hu has a
degenerate critical point if and only if u is a critical point of the generalized Gauss map,
by Sard’s theorem there exists a subset E ⊂ Sn+k−1 of measure zero such that hu is a
Morse function for all u ∈ Sn+k−1 rE. For each u ∈ Sn+k−1 rE, we denote by µi(u) the
number of critical points of hu of index i. We also set µi(u) = 0 for any u ∈ E. Following
Kuiper [12], we define the total curvature of index i of f by
τi(f) =
1
Vol(Sn+k−1)
∫
Sn+k−1
µi(u) dS,
where dS denotes the volume element of the sphere Sn+k−1.
Let βi(M
n;F) = dimFHi(M
n;F) be the i-th Betti number of Mn over an arbitrary
coefficient field F. Then, due to weak Morse inequalities [14, Theorem 5.2, p. 29] we have
that µi(u) ≥ βi(Mn;F), for all u ∈ Sn+k−1 rE. By integrating over Sn+k−1, we obtain
τi(f) ≥ βi(Mn;F). (4)
For each (p, ξ) ∈ UNf , we denote by Aξ the shape operator of f in the direction ξ
which is given by
g(AξX, Y ) = 〈αf(X, Y ), ξ〉,
where X, Y are tangent vector fields of Mn and αf is the second fundamental form of the
immersion f viewed as a section of the vector bundle Hom(TM × TM,NfM). There is a
natural volume element dΣ on the unit normal bundle UNf . In fact, if dV is a (k−1)-form
on UNf such that its restriction to a fiber of the unit normal bundle at (p, ξ) is the volume
element of the unit (k − 1)-sphere of the normal space of f at p, then dΣ = dMg ∧ dV ,
where dMg is the volume element of M
n with respect to the metric g.
10
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Shiohama and Xu considered for each 0 ≤ i ≤ n the subset U iNf of the unit normal
bundle of f defined by
U iNf = {(p, ξ) ∈ UNf : Index(Aξ) = i}
and proved (cf. [18, Lemma, p. 381]) that∫
U iNf
|detAξ| dΣ =
∫
Sn+k−1
µi(u) dS. (5)
We recall that the (0, 4)-Riemann curvature tensor Rg of (M
n, g) is related to the
second fundamental form of f via the Gauss equation
Rg(X, Y, Z,W ) = 〈αf(X,Z), αf(Y,W )〉 − 〈αf(X,W ), αf(Y, Z)〉,
where X, Y, Z,W are tangent vector fields of Mn. In terms of the Kulkarni-Nomizu
product, the Gauss equation is written equivalently as
Rg =
1
2
αf 7 αf .
On the other hand, Rg admits the following orthogonal decomposition (cf. [11, Chapter
8D])
Rg =Wg + scalg
2n(n− 1)g 7 g +
1
n− 2
(
Ricg − scalg
n
g
)
7 g, (6)
which is in addition irreducible with respect to the (simultaneous) action of the orthogonal
group O(n) on the four arguments of Rg. Equation (6) is equivalent to
Rg =Wg + Lg 7 g, (7)
where
Lg = 1
n− 2
(
Ricg − scalg
2(n− 1)g
)
.
The (0, 4)-tensorWg is the Weyl tensor and the (0, 2)-tensor Lg is the Schouten tensor of
the Riemannian manifold (Mn, g).
Proof of Theorem 1: Let f : (Mn, g)→ Rn+1 be a conformal immersion with unit normal
bundle UNf and shape operator Aξ with respect to ξ, where (p, ξ) ∈ UNf . Using the
Gauss equation, it follows that the Weyl tensor Wg˜ with respect to the metric g˜ induced
by f is given by
Wg˜(p) = W(αf(p)).
From Proposition 9 we obtain
‖Wg˜(p)‖2 ≥ ε(n)| detAξ(p)|4/n
11
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for all (p, ξ) ∈ U iNf and 2 ≤ i ≤ n− 2. By integrating over UNf , we have that∫
UNf
‖Wg˜‖n/2 dΣ ≥ (ε(n))n/4
n−2∑
i=2
∫
U iNf
| detAξ| dΣ. (8)
Using (5), it follows that
n−2∑
i=2
∫
U iNf
| detAξ| dΣ =
n−2∑
i=2
∫
Sn
µi(u) dS = Vol(S
n)
n−2∑
i=2
τi(f),
where dS is the volume element of the unit n-dimensional sphere Sn. Therefore, from (8)
and bearing in mind (4), we obtain∫
UNf
‖Wg˜‖n/2 dΣ ≥ (ε(n))n/4Vol(Sn)
n−2∑
i=2
τi(f) ≥ (ε(n))n/4Vol(Sn)
n−2∑
i=2
βi(M
n;F). (9)
Observe that ∫
Mn
‖Wg˜‖n/2 dMg˜ = 1
2
∫
UNf
‖Wg˜‖n/2 dΣ.
Thus, from (9) and the fact that the Ln/2-norm of the Weyl tensor is conformally invariant,
we have that ∫
Mn
‖Wg‖n/2 dMg ≥ c(n)
n−2∑
i=2
βi(M
n;F),
where the constant c(n) is given by c(n) = (ε(n))n/4Vol(Sn)/2.
Now, assume that ∫
Mn
‖Wg‖n/2 dMg < c(n).
Then, it follows from (9) that
∑n−2
i=2 τi(f) < 1. Thus, there exists u ∈ Sn such that the
height function hu : M
n → R is a Morse function whose number of critical points of index
i satisfies µi(u) = 0 for any 2 ≤ i ≤ n − 2. From the fundamental theorem of Morse
theory (cf. [14, Theorem 3.5, p. 20] or [4, Theorem 4.10, p. 84]), it follows that Mn
has the homotopy type of a CW-complex with no cells of dimension i for 2 ≤ i ≤ n − 2.
Hence, the homology groups satisfy Hi(M
n;Z) = 0 for all 2 ≤ i ≤ n − 2. Moreover,
since there are no 2-cells, we conclude by the cellular approximation theorem that the
inclusion of the 1-skeleton X(1) →֒ Mn induces isomorphism between the fundamental
groups. Therefore, the fundamental group π1(M
n) is a free group on β1(M
n;Z) elements
and H1(M
n;Z) is a free abelian group on β1(M
n;Z) generators. In particular, if π1(M
n)
is finite, then π1(M
n) = 0 and hence H1(M
n;Z) = 0. From Poincare´ duality and the
universal coefficient theorem it follows that Hn−1(M
n;Z) = 0. Thus, Mn is a simply
connected homology sphere and hence a homotopy sphere. By the generalized Poincare´
conjecture (Smale n ≥ 5, Freedman n = 4) we deduce that Mn is homeomorphic to Sn.
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Proof of Theorem 4: Let f : (Mn, g) → Sn+1 be an isometric minimal immersion of a
compact n-dimensional Riemannian manifold, with shape operator A. Since f is minimal,
the Ricci tensor of Mn is given by
Ricg(X, Y ) = (n− 1)g(X, Y )− g(A2X, Y ), X, Y ∈ TM.
Using the Gauss equation and (6), we obtain that
‖Wg‖2 = 4
∑
i<j
(
λiλj +
λ2i + λ
2
j
n− 2 −
‖A‖2
(n− 1)(n− 2)
)2
,
where λ1, . . . , λn are the principal curvatures of f . After a straightforward computation,
we find that
‖Wg‖2 = γ(n)‖A‖4 − δ(n)‖Ricg − (n− 1)g‖2, (10)
where
γ(n) =
2(n2 − 3n+ 5)
(n− 1)(n− 2) and δ(n) =
2(n+ 1)
n− 2 .
From the Cauchy-Schwartz inequality we have that
‖A‖4 ≤ n‖A2‖2 = n‖Ricg − (n− 1)g‖2.
Therefore, from (10) we obtain
‖Wg‖2 ≤ a(n)‖Ricg − (n− 1)g‖2,
where a(n) = nγ(n)− δ(n). By integrating over Mn, it follows that∫
Mn
‖Wg‖n/2 dMg ≤
(
a(n)
)n/4 ∫
Mn
‖Ricg − (n− 1)g‖n/2 dMg. (11)
The proof follows from (11), Theorem 1 applied to the composition of f with the stere-
ographic projection and the fact that the Ln/2-norm of the Weyl tensor is conformally
invariant. Clearly, c1(n) = c(n)/
(
a(n)
)n/4
.
Proof of Theorem 6: Assume that (Mn, g) admits an isometric immersion into the sphere
Sn+1 or the hyperbolic space Hn+1. Using the orthogonal decomposition of the curvature
tensor Rg in (6) and recalling the fact that R1 = (1/2)g 7 g, we obtain∥∥∥Rg − scalg
n(n− 1)R1
∥∥∥2 = ‖Wg‖2 + ∥∥∥ 1
n− 2
(
Ricg − scalg
n
g
)
7 g
∥∥∥2 ≥ ‖Wg‖2.
Thus, it follows that∫
Mn
∥∥∥Rg − scalg
n(n− 1)R1
∥∥∥n/2 dMg ≥ ∫
Mn
‖Wg‖n/2 dMg. (12)
Now the proof follows from (12), Theorem 1 and Remark 2.
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